We show that a large class of domains D in R" including John domains satisfies the improved Poincare inequality
Introduction
In this note we improve standard versions of the Poincare inequality. My work was stimulated by a paper of H. Boas and E. Straube [BS] . They showed that a bounded domain whose boundary is locally the graph of a Holder continuous function of order 8 , 0 < 8 < 1, satisfies the following type of Poincare inequality: This inequality is an improvement of the ordinary (q, p)-Poincare inequality when 8 = 0. There are ordinary (p, p)-Poincare domains which do not satisfy the improved Poincare inequality for any 8 > 0 (see Remark 3.11 (4) and [BS, 4(1) 1.4. Theorem. Suppose that D in R" satisfies a quasihyperbolic boundary condition with a constant a, and let |Z>| < oo . The domain D e £P(q, p, 8) whenever p < q < ai^Sp("-s)) and p(\ -8) < n ; here 8 e [0, 1) and X < n is a Whitney cube ^-constant.
We give the proofs of Theorems 1.3 and 1.4 in §3. There we show that the bounds for 8 , p , and q are essentially sharp. Theorems 1.3 and 1.4 improve results in [BS] . For related background we refer the reader to [EO, H2, K, M] .
Preliminaries
Notation. Throughout this paper we let D be a domain of euclidean «-space R" , n > 2 . We suppose that p e The average of a function u over a domain D with finite Lebesgue measure |D| is Ud = td| jD u(x) dx . Let A be a set. The euclidean distance from x e A to the boundary of A is written as d(x, dA). We let dia(^4) denote the diameter of A . We write xQ for the cube with the same center as Q and dialated by a factor t > 1 .
We let c(*,... ,*) denote a constant which depends only on the quantities appearing in the parentheses. This definition is due to [VI, NV] . Bojarski proved that a bounded 6-John domain satisfies the standard (q, /?)-Poincare inequality [B, Chapter 6] with constant c = c(n,p, q)b"\D\" i p.
Unbounded John domains are (-^-, p)-Poincare domains [H3, Corollary 4.6] . We need the following lemma due to Vaisala. where the infimum is taken over all rectifiable curves y joining x\ and x2 in D [GP] .
Lemma
A domain D satisfies a quasihyperbolic boundary condition, if there exists a point Xo e D and a constant a > 1 such that
for all x e D.
John domains form a proper subclass of domains satisfying a quasihyperbolic boundary condition.
Whitney decomposition. By a Whitney decomposition of D we mean a family W of closed dyadic cubes, whose interiors are pairwise disjoint, and which satisfy
Moreover, it follows from the construction in [S, Chapter VI] , if a e [1, 5/4) is a fixed constant, then The next lemma relates the quasihyperbolic distance between points to the number of Whitney cubes in a chain joining these points. here X < n is a Whitney cube #-constant. Combining inequalities (3.1), (3.2), and (3.8)-(3.10) we find that there is a constant c < oo such that
whenever \-x-+ ~>0 and ^ -^ + -^ > 0 , where p( 1 -8) < n .
3.11. Remarks. (1) The following example shows that even in the case of John domains one must require 8 < 1. We use the following notation for the upper half of the disk B2(0, r): B+(r) = B2(0, r) n {(*,, x2)\x2 > 0} , r > 0. Our domain will be a ball with a slit removed. In particular, we examine D = y32(0,4)\{(x,,0)||x1|<3}. Define the following subsets of D:
£>, = ^2(0, 4) n {(xi, x2)\0 < x2 < xi -2} , £>_! = B2(0, 4) n {(*!, jc2)|0 <x2< -xi -2}, D2 = B+(4)\(B+(2)UDlUD.l). We construct a symmetric function u(x) in D as follows. Let \x\~p on B+(l), -2|x| + 3 ony3+(2)\;3+(l), , , -1 on A, u(x) = < x2/(xi -2) on A .
-x2/(xi +2) on £)_i, , 0 on {(xi, 0)|3 < |xi| < 4} , and set u(x\, -x2) = -u(x\, x2). This function u shows that D does not satisfy the improved Poincare inequality (1.2), if 8 > 1 . There are also star-shaped domains which do not satisfy the improved Poincare inequality (1.2) for any 8 > 0 . Recall that a star-shaped domain with respect to a point is a (p, p)-Poincare domain for each p > 1 [HI, Theorem 3.1] . The following domain is from [BS, 4(1) ]. Let D = {(xi, X2)|0 < xi < 1 , 0 < X2 < x\la) , 0 < a < 1 , and suppose that 8 > a. Define I + l/a u(x\, x2) = |(xi, x2)| ' . Then uD < oo . The function v(x) = u(x) -uD , x £ D , does not satisfy (1.1), whenever 8 > a .
Further remarks
We have the following theorem for unbounded domains. 
